Solving relaxation and diffusion equation via numerical method
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Some numerical methods for solving differential equations with fractional derivatives, especially
Abel-Volterra integral equations are considered in [3], p. 277-290. Here we now give a completely
new approach based on the approximation of the tempered convolution with Laguerre series
0 , which transforms it in linear system
expansions of their elements in the distributional space S+
of algebraic equations.
A survey concerning the equations of distributed fractional relaxation and oscillation is treated
in [2]. The distributed order fractional diffusion equation and diffusion-like equation with time
fractional derivative of distributed order for the kinetic description of anomalous diffusion and
relaxation phenomena which describes the sub-diffusion random process subordinated to the
Wiener process describing retarding sub-diffusion, is considered in [1]. In [5] are considered
the single-order and the double-order fractional relaxation equations as well as the uniformly
distributed order fractional relaxation equation. In [11], the multi-dimensional random walk
models governed with distributed fractional order differential equations and multi-term fractional
order differential equations are constructed. The fundamental solution for the Cauchy problem for
a generalized diffusion equation derived from a fractional Fick law describing transport processes
with long memory is derived in [4].
All of these equations with fractional derivatives can be solved numerically by the method of
the approximation of the tempered convolution with Laguerre polynomials. We shall give here
two examples of such kind of equations which can be solved by the method of approximating the
tempered convolution with Laguerre polynomials: equation of the relaxation and oscillation (1)
and the generalized partial fractional equations with distributed order (2).
The method of approximation of convolution via Laguerre polynomials for α ∈ R, in the
0 ), is developed in [6]. It is
space of tempered distributions with support on [0, ∞), (space S+
applied to solutions of a class of convolution equations, by transforming them to corresponding
0 is splitted into the scale of the
systems of algebraic equations for the coefficients. The space S+
0
0
spaces S+ = ∪s≥0 LG0s . That gives an approximation for generalized functions, such as delta
distributions, its derivatives and multipliers of powers fα0 s, the functions xα−1
+ , α ∈ R \ {−N0 }
and their derivatives of delta’s if α = 0, −1, −2, ... The evaluations of such distributions are given
in [9].
In fractional calculus we are especially interested in cases 0 < α < 1 and 1 < α < 2. Using
this method, the coupled system of equations which is a model of viscoelastic rod is solved in [8].
These evaluations in solving, Abel-Volterra integro-differential equations
(P (δ) + λfα ) ∗ g = h(x),
P is a polynomial, P (δ) =

Pm
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(i) ,

α ∈ R, λ ∈ C, δ is the delta distribution, and

 α−1

 x+ ,



α > 0,
Γ(α)
(N )
fα+N , α ≤ 0, α + N > 0, N ∈ N

is the distributional derivative are given in [8]. For existence-uniqueness result cf. [7].
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In this paper, as a model we use the equation of the relaxation and oscillation
u(t) = u(0) − λ

Z t
0

(t − τ )β−1 u(τ )dτ.

(1)

We consider pure relaxation 0 < β < 1 and the case of relaxation-oscillation 1 < β < 2, and
furthermore the situation of distributed orders integrated with respect to β.
Using this technique we find solutions for the generalized partial fractional equations with
distributed order
Z b
2
∂ β u(t, x)
2 ∂ u(t, x)
dβ
=
k
, 0 < a < b < 1, 0 < β < 1, (resp. 1 < β < 2).
(2)
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The solution is given by u(t, x) = ∞
n=0
n̄=0 An,n̄ ln̄ (x)ln (t) where ln (t) = exp (−t/2) Ln (t),
0
0
0
(resp. ln̄ (x) = exp (−x/2) Ln̄ (x)), Ln (t) (resp. Ln̄ (x)) are the Laguerre polynomials. We evaluate
coefficients of the Laguerre series An,n̄ from the linear system of equations obtained by evaluation
of the convolution equation with respect to the time and space variable separately. Distributional
errors for this kind of approximation can be found in [8].
This method (w.r.) to two variables the spatial and the time variable is applied in [10]. For the
evaluation of Schrödinger kernel into Laguerre polynomials the expansions for tα−1
∈ R, from
+ , αS
0 =
0
[9], is used to split the space of tempered distributions into the scale of spaces S+
s≥0 LG0s
(cf. [9]). We determine the vector spaces to which solution belongs, (w.r.) to the time variable t
and the space variable x, separately.
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